Abstract. Let X be a Riemannian symmetric space of noncompact type and T be a linear translationinvariant operator which is bounded on L p (X). We shall show that if T is not a constant multiple of identity then there exist complex constants z such that zT is chaotic on L p (X) when p is in the sharp range 2 < p < ∞. This vastly generalizes the result that dynamics of the (perturbed) heat semigroup is chaotic on X proved in [15, 17] .
be an L p -multiplier on a Riemannian symmetric space X of noncompact type for any fixed 1 ≤ p ≤ ∞. We shall call T nontrivial if it is not a constant multiple of identity. The aim of this note is to show that for the range 2 < p < ∞, given any nontrivial L p -multiplier T , we can find complex constants z ∈ C such that the operator zT is chaotic on L p (X). This range of p will be shown to be sharp. Our definition of chaos is consistent with [6, 15] , which in turn is an adaptation of the one introduced by Devaney [7] .
To put the result in perspective, let us discuss the background. Let ∆ be the positive LaplaceBeltrami operator on X and T t = e −t∆ , t ≥ 0 be the heat semigroup. In [15] Ji and Weber had shown that its perturbation e ct T t , t ≥ 0 for some constant c is subspace chaotic on L p (X) when 2 < p < ∞.
Through [19] and [17] this result was improved by establishing that the same perturbation of the heat semigroup is actually chaotic on L p (X) with p in the same range. In this paper we shall establish that this is a particular case of a general fact. We first note that the operator T t = e −t∆ is the same as the operator f → f * h t where h t is the heat-kernel, i.e. the fundamental solution of the heat equation
Thus it is natural to consider the operator f → f * µ where µ is any nonatomic K-biinvariant Borel measure, a particular case of which is the heat operator. We show that such an operator is always chaotic on L p (X), 2 < p < ∞ provided it is not a contraction (Corollary 5.0.3).
Indeed the heat operator can be substituted by any L p -multiplier. A corollary of the main result (Theorem 4.0.1) in this paper is the following. Consider an autonomous discretization (see section 2.2)
of the heat semigroup T t0 = e −t0∆ for any fixed t 0 > 0. Then there exists constant z ∈ C, such that
is chaotic on L p (X) when p is in the range 2 < p < ∞. It is known that a C 0 -semigroup is hypercyclic if and only if it admits a hypercyclic discretization. We also note that a periodic point of a discretizatized semigroup is also a periodic point of the original semigroup. Thus if T = zT t0 is chaotic then so is the semigroup (zT t ) t≥0 . Thus our result in the present article accommodates the earlier results in this direction mentioned above. See Section 2 and Section 5 for more details.
The paper is organized as follows. The general preliminaries are established in Section 2, while that about Riemannian symmetric spaces are given in Section 3. Section 4 contains the main result and its proof. In Section 5 we deal with some well-known multipliers and obtain some corollaries of the main results for the particular cases. In Section 6 we show the sharpness of the range of p in the main result.
Finally in Section 7 we state some open questions along with motivations.
Preliminaries
In this section we shall establish notation and gather all the definitions and results required for this article.
2.1. Generalities. The letters R, Q and C denote respectively the set of real numbers, rational numbers and complex numbers. We use ℜz and ℑz to denote respectively the real and imaginary parts of z ∈ C.
This notation will also be used for its obvious generalization when z ∈ C n . The notation | · | will denote the standard Euclidean norm in R n and in
We will also use | · | to represent a norm on certain spaces related to the symmetric space X, but under appropriate identifications of these spaces with R n or C n , which will make this consistent with the previous usage of this notation. (For more details see Section 3.)
For a set S in a topological space, S • denotes its interior. For a function f on X, f p denotes its L p norm. We shall mention explicitly when we will use the L p -norm of functions on spaces other than X.
For any p ∈ (1, ∞), p ′ = p/(p − 1) and for p = 1, p ′ = ∞. When p = ∞ we use p ′ to mean 1. We shall frequently use the notation γ p = γ p ′ = 2 p − 1 for any p ∈ (1, ∞) and γ 1 = γ ∞ = 1. The letters C, c will be used to denote positive constants whose values may change from one line to another. Following results of several complex variable will be used. there is a ball B(x 0 , r) centered at x 0 with radius r > 0 in Ω and a nonconstant holomorphic function f : B(x 0 , r) → C such that f (z) = 0 for z ∈ E ∩ B(x 0 , r). We quote here some well known results related to thin sets ([18, pp. 32-33]):
(1) If E ⊂ Ω is not thin then no nonzero holomorphic function f : Ω → C can vanish on E.
(2) If E ⊂ Ω is thin then its closureĒ in Ω is also thin and E is nowhere dense.
(3) The 2n-dimensional Lebesgue measure of a thin set E ⊂ Ω ⊂ C n is zero.
(4) If Ω is connected and E ⊂ Ω is thin then Ω E is also connected. x ∈ B is called a periodic point of T if there is a nonzero natural number n such that T n x = x. The operator T is called chaotic if T is hypercyclic and the set of all its periodic points is dense in B.
For a C 0 -semigroup (T t ) t≥0 on a Fréchet space B, and x ∈ B, {T t x | t ≥ 0} is called the orbit of x under (T t ) t≥0 . If this orbit is dense in B, then x is called a hypercyclic vector and we say that (T t ) t≥0 is hypercyclic on B. A point x ∈ B is called a periodic point of (T t ) t≥0 if T t x = x for some t > 0. The semigroup (T t ) t≥0 is called chaotic if it is hypercyclic and the set of all its periodic points is dense in B.
A discretization of a C 0 -semigroup (T t ) t≥0 is a sequence of operators (T tn ) n with t n → ∞. In particular if t n = nt 0 for some t 0 > 0 and n ∈ N, then (T tn ) n = (T n t0 ) n is an autonomus dscretization of (T t ) t≥0 . It is clear that any periodic point (respectively hypercyclic vector) of the operator T t0 for any fixed t 0 > 0 is also a periodic point (respectively hypercyclic vector) of the semigroup (T t ) t≥0 . Thus if for some t 0 > 0, T t0 is chaotic on a Banach space B, then (T t ) t≥0 is chaotic on B. We also have the following result (see [9, p. 168 For a detailed account on the relationship between dynamics of a C 0 -semigroup and that of its discretization we refer to [9, Chap. 7] . This discussion in particular points out that Theorem 4.0.1 in this paper accommodates the chaoticity of the heat semigroup considered in [15, 19, 17 ] as a special case, which was alluded to in the introduction.
The following result due to Kitai will be used in this article ( [16] , [9, p. 71] 
then T is hypercyclic on B., i.e there is an x ∈ B such that the orbit {T n x | n ∈ N} is dense in B.
We conclude this section noting that ([9, p. 167, Theorem 6.7]) if T is a hypercyclic operator on a
Fréchet space B and λ ∈ C with |λ| = 1 then T and λT have the same set of hypercyclic vectors.
Riemannian symmetric spaces
Most of the notation and results in this section are standard and available for instance in [8, 11] .
For convenience and the sake of keeping the current exposition self-contained, we merely collect the relevant facts without proofs but indicate appropriate references. Setting m α = dim(g α ), the multiplicity of the root α ∈ Σ + , we define ρ ρ ρ as the half-sum of the elements of Σ + counted with multiplicities:
The Killing form on g restricts to a positive definite form on a, which in turn induces a positive inner product and hence a norm | · | on a * , so |ρ ρ ρ| is defined. The Killing form endows X with both a natural Riemannian metric and a corresponding G-invariant measure (denoted by dx). The positive Laplace-Beltrami operator corresponding to this Riemannian metric is denoted by ∆.
Let dim(a) = n, which is by definition the rank of the space X. Using the pull-back of the Killing form, we will henceforth identify a and a * with R n , equipped with the standard inner product ·, · :
so that x, x > 0 for all nonzero x ∈ R n . The complexification of a * will be denoted by a * C and will be naturally identified with C n . The real inner product (3.1.2) extends to C n as a C-bilinear form
For the action of λ ∈ a * C on v ∈ a we shall use both the notation λ(v) and (λ, v). Let W denote the Weyl group of the pair (g, a) and a + and a * + be the positive Weyl chambers corresponding to Σ + in a and a * respectively.
For p ≥ 1, we define the set [8, p.328]:
where γ p and ρ ρ ρ have been defined in 2.1 and (3.1.1) respectively. We note:
(a) If p = 2 then Λ p reduces to a * , which is identified with R n .
We recall from subsection 3.1 that the G-invariant measure dx on X is induced by the Killing form.
On G, we fix the Haar measure dg that satisfies
for every function f ∈ L 1 (X) which is identified as a right K-invariant function on G in the right hand side. Let M be the centralizer of A in K. On K we fix the normalized Haar measure dk and on K/M we fix the K-invariant normalized measure. We shall often slur over the difference between the two. 
We record a few well-known facts about these functions. Some are easy to deduce. For the others, see 
identified as a function on X) and K ϕ(xky)dk = ϕ(x)ϕ(y).
, the space of continuous functions vanishing at infinity.
For a measurable function f of X, we define its spherical Fourier transform f as follows (see [10, p. 425]),
whenever the integral makes sense. Since for all w ∈ W , ϕ λ = ϕ wλ we have f (λ) = f (wλ). Its inverse transform, again subject to convergence of the defining integral, is given by (see [10, p. 454 
where c(λ) is the Harish-Chandra c-function, dλ is the Lebesgue measure on a * (and thus |c(λ)| −2 dλ is the spherical Plancherel measure on a * ) and C is a normalizing constant. 
where c(ξ) is the Harish-Chandra c-function and thus |c(ξ)| −2 dξdk is the Plancherel measure. We also have,
where |W | is the cardinality of the Weyl group W and dk is the normalized K-invariant measure on
for ξ ∈ C n and k ∈ K/M whenever the quantities f * g, f * g, f and g make sense. We have the following L p -version of the inversion formula (see [21, 3.3] ).
3.4.
Herz's majorizing principle. We have the following result due to Herz ([14] ) on convolution operators.
Proposition 3.4.1. Let h be a K-biinvariant function on G, and let
the following bound:
where the equality holds if h is nonegative.
3.5. Fourier multipliers. We recall that for 1 < p < ∞, γ p = |2/p − 1| and γ 1 = γ ∞ = 1. In this paper we are concerned about the bounded linear operators on L p (X), 1 ≤ p < ∞ to itself which are invariant under translations by elements of G. This class of operators are called L p -Fourier multipliers or simply L p -multipliers and are denoted by CO p (X). It is known that CO p (X) is a Banach algebra.
We shall briefly discuss the main points about these operators, collecting them mostly from [1] . If
where m is a W -invariant function in L ∞ (a * ). By abuse of terminologies the function m(λ) will also be called a Fourier multiplier. For 1 ≤ p 1 , p 2 < ∞ with γ p1 ≥ γ p2 , CO p1 (X) ⊆ CO p2 (X). In particular CO p (X) ⊆ CO 2 (X) for 1 ≤ p < ∞ and hence they are also given by (3.5.1) for f ∈ C ∞ c (X). But for 1 ≤ p < ∞, p = 2, m(λ) extends to a W -invariant bounded holomorphic function on Λ • p . For p = 1, m(λ) is also bounded continuous on Λ 1 . Henceforth we shall call a multiplier T ∈ CO p (X) nontrivial if it is not a constant multiple of the identity operator.
We fix a p in the range (2, ∞) and take a nontrivial T ∈ CO p (X). Suppose that T is given by the function m(λ) which by definition is W -invariant and extends to a bounded holomorphic function on Λ • p . We have the following result for such p, T .
Proof. We take, f, g ∈ C ∞ c (X). Then using the definition of T * and the Plancherel theorem we have,
+ extends to a holomorphic function on Λ This proves the first part of (i). Integrating both sides of it over K/M we get the second result of (i).
It can be verified in a similar way that T * ϕ λ , g = m(λ)φ λ , g . Thus
Statement and proof of the main result
The following theorem is the main result in this paper.
Then there is a constant c > 0 such that zT for any z ∈ C with |z| = c is chaotic on L p (X). Let c = 1 α . We take a z ∈ C such that |z| = c and define m 1 (λ) = zm(λ). Then |m 1 (λ 2 )| < 1 < |m 1 (λ 1 )|. Let T 1 = zT . Then T 1 is a L p -multiplier with symbol m 1 (λ). The proof of Theorem 4.0.1 will be completed if we show that T 1 is chaotic on L p (X). This will be done through the next two propositions.
Suppose that T is densely defined by
Proposition 4.0.2. The operator T 1 described above is hypercyclic on L p (X) for 2 < p < ∞.
Proof. As λ → |m 1 (λ)| is continuous, there exist neighbourhoods N 1 and N 2 of λ 1 , λ 2 respectively in Λ
• p such that |m 1 (λ)| > 1 for λ ∈ N 1 and |m 1 (λ)| < 1 for λ ∈ N 2 . Since m 1 (λ) is W -invariant, we can and will assume that N 1 and N 2 are subsets of
We define
the open set N 1 . Since for every fixed x ∈ X, λ → f * ϕ −λ (x) is holomorphic on Λ
• p we have f * ϕ λ ≡ 0 for all λ ∈ Λ p . Using Theorem 3.3.1 we conclude that f = 0. Similar argument with the substitution of N 1 by N 2 establishes that Y 2 is also dense in L p (X).
Let
be a finite linear combination of ℓ y ϕ λ with same λ. We define an operator T ′ 1 initially on such η λ as
Since elements of Y 1 are finite linear combinations of these η λ we extend T n φ → 0 as n → ∞ for any φ ∈ Y 1 because |m 1 (λ)| > 1 for λ ∈ N 1 . On the other hand as
Lastly, respectively. We define,
We consider the following subset of L p (X):
Nonemptiness of Y 3 follows trivially from the fact that
Thus the elements of Y 3 are periodic points of T 1 .
It remains to show that
That is f * ϕ −z (x) = 0 for all x ∈ X and for all z ∈ Z ν , ν ∈ Q ∩ I. For a fixed x ∈ X we define 1 (S)) is connected, which contradicts our early observation in this proof. Thus F x ≡ 0 on Λ p for all x ∈ X, that is f * ϕ λ ≡ 0 on X for all λ ∈ Λ p . From this and Theorem 3.3.1 we conclude that f = 0, which establishes that Y 3 is dense.
The following lemma will complete the proof above. We shall use the notation I and Z r defined in the proof of the proposition above. . Take a ν ∈ (a, b)∩Q. Then the point e 2πiν has a pre-image z in B δ ′ (w). That is m 1 (z) = e 2πiν , and hence z ∈ Z ν . Also as z ∈ B δ ′ (w), |w − z| < δ ′ < δ.
Examples and Remarks
Well known examples of Fourier multipliers are spectral multipliers and convolution with suitable Borel measures. In the light of the result proved in the previous section, we shall revisit their dynamics, which will yield some interesting corollaries. The first example also relates Theorem 4.0.1 with the previous works in this direction e.g. [15, 17] .
Example 5.0.1. The heat kernel h t on X for t > 0 is defined as a K-invariant function in the Harish- 
for all λ ∈ a * .
For a fixed t > 0, we consider the operator T f = f * h t , i.e. T = e −t∆ where ∆ is the positive 
A continuous semigroup version of this result is proved in [17] .
Example 5.0.2. We continue to use the notation θ, Θ defined in the previous example. We consider convolution by a nonatomic and nonnegative K-invariant measure µ on X such that µ(−iγ p ρ ρ ρ) < ∞ for some 1 ≤ p ≤ ∞. By Herz's majorizing principle (see subsection 3.4) the operator T f = f * µ is an L p -multiplier. We note that in this case θ < 1, because on λ ∈ a * , | µ(λ)| → 0 as |λ| → ∞. Indeed for
Since, for every fixed x ∈ X, |ϕ λ (x)| → 0 as |λ| → ∞, the result follows from dominated convergence theorem.
We also note that here
and hence not chaotic. On the other hand if T is not a contraction, equivalently, if µ(−iγ p ρ ρ ρ) > 1 then it is chaotic because we can choose z = 1 as 1/Θ < 1 < 1/θ. Precisely, we have proved the following.
if and only if T is not a contraction. 
Proof. Since T is chaotic on L p2 (X), by Corollary 5.0.3 µ(−iγ p2 ρ ρ ρ) > 1. Therefore by the maximum modulus principle (see Section 2) µ(−iγ p1 ρ ρ ρ) > 1 and hence again by Corollary 5.0.3, T is chaotic on
Instead of nonnegative K-biinvariant measure we can take a K-invariant complex measure, in particular a K-invariant measurable function g on X such that
Then the convolution operator T : Then there exits a subset B ⊂ K/M of full measure such that for each k ∈ B and for λ ∈ Λ q ,
Proof. Using the denseness of C ∞ c (X) in L p (X), we find a sequence f n ∈ C ∞ c (X) which converges to f in L p (X). Then passing to a subsequence f ni if necessary, we have by Lemma 6.0.3
for every fixed λ ∈ a * for almost every k ∈ K/M . We also have T f ni → T f in L p and hence for
converges to m(λ) f (λ, k), for almost every k ∈ K/M . This establishes that for every fixed λ ∈ a * ,
We note that we have a set B ⊂ K/M of full measure in K/M , such that for every fixed k ∈ B, both λ → f (λ, k) and λ → T f(λ, k) are holomorphic on Λ q . Therefore the equality T f (λ, k) = m(λ) f (λ, k) extends to all λ ∈ Λ q and k ∈ B.
We are now ready to show the sharpness of the range of p.
neither hypercyclic nor it has any periodic point.
Proof. We recall that every ϕ λ with λ ∈ Λ
1 (e) and Proposition 3.5.1.) Therefore by Lemma 6.0.1 (ii), T is not hypercyclic.
We suppose that the multiplier T is given by the function m(λ). We fix a q ∈ (p, 2). If for a nonzero function g ∈ L p (X), T n g = g for some n ∈ N, n > 0, then by Lemma 6.0.2 and Lemma 6.0.4, there exits a subset B ⊂ K/M of full measure such that for each k ∈ B, (m(λ)
Since g(λ, k), for k ∈ B is holomorphic on Λ q it can be zero on a thin set which has 2n-dimensional Lebesgue measure zero. Thus m(λ) n = 1 on Λ q , that is |m(λ)| = 1. This is not possible as m(λ) is holomorphic and hence an open map.
and hence not chaotic.
Proof. Let m ∈ L ∞ (a * + ) and the operator T is given by
We assume for the sake of meeting a contradiction that T is hypercyclic, equivalently there exists a hypercyclic vector φ ∈ L 2 (X) for T . Then there exits a sequence {n k } of natural numbers such
For convenience by abuse of notation we write n k as n. We have consequently,
We divide the integral in the left hand side in three parts and apply dominated convergence theorem to get,
Thus,
By monotone convergence theorem the left hand side goes to infinity while the right hand side is finite.
Hence either φ ≡ 0 on {λ ∈ a * + | |m(λ)| > 1} × K/M or the set {λ ∈ a * + | |m(λ)| > 1} × K/M has measure zero in a * + × K/M . By Plancherel theorem, in the first case T φ 2 ≤ φ 2 , hence φ is not a hypercyclic vector and in the second T is a contraction. Both of these conclusions contradict our assumption.
Remark 6.0.7.
(1) Following [17, Theorem 1.2] one can give a different proof of the fact that an L 2 -multiplier cannot be hypercyclic. This is based on the observation that T being a multiplier preserves the left-K-types of a function φ. Thus a mismatch between the K-types of the possible hypercyclic vector φ and the target function f , will prevent the sequence
(2) An L 2 -multiplier can have periodic points. Indeed, there are nontrivial L 2 -multipliers which have a dense set of periodic points. For instance for a rank one symmetric space X we define a multiplier T by the following prescription: m(λ) = 1 for λ ∈ (0, 1) and m(λ) = −1 otherwise.
(3) It is easy to find nontrivial L ∞ -multipliers T such that no constant multiple of T is chaotic. For
, φ * f is continuous, hence T n φ is a sequence of continuous functions. Since its uniform limit is a continuous function, it cannot converge to an arbitrary function in L ∞ (X).
Open Questions
The results in this article triggers some questions, which we offer to the readers. For the sake of simplicity in this section we shall restrict to rank one symmetric spaces where Λ p defined in (3.1.4) takes a simpler form:
where ρ is interpreted as a positive number. However the discussion here is equally valid for arbitrary rank.
1. We choose p 1 , p 2 such that 2 < p 2 < p 1 < ∞. Then CO p1 (X) ⊂ CO p2 (X). It is possible to construct a linear operator T ∈ CO p1 (X) ⊂ CO p2 (X) which is chaotic on L p1 (X) but not chaotic on
For instance we can take T = e −t(∆−c) where ∆ is the positive Laplace-Beltrami operator, t > 0 and c is a constant satisfying 4|ρ ρ ρ|
for p 1 , p 2 as above. Then T will be chaotic on L p1 (X) but not on L p2 (X). To see that T will be chaotic on L p1 (X) we first note that T is given by the symbol m(λ) = e −t((λ,λ)+|ρ ρ ρ| 2 −c) , λ ∈ Λ p1 and that The operator T = e −t(∆−c) considered here is indeed a convolution operator by the K-invariant measure e ct h t on X. We have shown in Corollary 5.0.4 that whenever T ∈ CO p1 (X) ⊂ CO p2 (X) is convolution by a nonatomic K-invariant nonnegative measure µ on X, then T is chaotic on L p2 (X) implies that it is chaotic on L p1 (X). We are thus led to ask the following question: Let T ∈ CO p1 (X) ⊂ CO p2 (X) where 2 < p 2 < p 1 < ∞. Suppose that T is chaotic (respectively hypercyclic) on L p2 (X).
Does it follow that T is chaotic (respectively hypercyclic) on L p1 (X)?
2. In Corollary 5.0.3 we have shown that if T : f → f * µ is a convolution operator initially defined for f ∈ C ∞ c (X), where µ is a nonatomic K-invariant measure on X which satisfies µ(−iγ p ρ ρ ρ) < ∞, for some p ∈ (2, ∞), then T ∈ CO p (X) and it is either a contraction (when µ(−iγ p ρ ρ ρ) ≤ 1) or it is chaotic (when µ(iγ p ρ ρ ρ) > 1). This motivates us to ask the following question: Let T ∈ CO p (X) for some 2 < p < ∞ be a nontrivial multiplier on L p (X) which is not a contraction. Is T chaotic?
A related question motivated by the same (i.e. convolution with noatomic K-invariant measure on X) is the following: Let T : L p (X) → L p (X) for some 2 < p < ∞ be a L p -multiplier given by the symbol m(λ). If |m(λ)| ≤ 1 on Λ
• p , then is it true that T is not hypercyclic? 3. Let T ∈ CO p1 (X) be a nontrivial multiplier with symbol m(λ) for some 2 < p 1 < ∞. Then T ∈ CO p (X) for all p ∈ [2, p 1 ]. We note that |m(λ)| is nonconstant on any open set of Λ • 2+δ such that z ∈ C satisfies |m(λ 1 )| < 1/|z| < |m(λ 2 )|. This argument however prevents us to make a uniform choice for the whole range [2, p 1 ], which can be illustrated through the following example in a rank one symmetric space X. We define a multiplier operator T by m(λ) = e i/(4ρ ρ ρ 2 +λ
2 ) for λ ∈ Λ p1 . It can be verified that T ∈ CO p1 (X) (see [1] ). Since |m(λ)| = 1 on a * = R, we cannot choose λ 1 , λ 2 from R satisfying |m(λ 1 )| < |m(λ 2 )| and proceed as above. Thus the question remains whether it is possible to find a constant c > 0 such that for all z ∈ C with |z| = c, zT is chaotic on L p (X) for all p ∈ [2, p 1 ].
